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Abstract— This paper presents a general power flow and opti-
mization approach for power systems including multiple energy
carriers, such as electricity, natural gas, and district heat. The
model is based on a conceptual approach for the inclusion of
distributed resources. Couplings between the different energy car-
riers are regarded explicitly, enabling investigations in power flow
and marginal price interactions. Optimal demand, conversion, and
transmission of multiple energy carriers within a system is for-
mulated as a combined optimal power flow problem. A numerical
example demonstrates how the method can be used for different
system studies.

I. INTRODUCTION

Besides the electrical power system infrastructure, there are
other power delivery systems such as chemical and thermal
systems. Electricity is one of the most common energy carriers,
virtually every building in the industrialized part of the world
is connected to an electric distribution network and equipped
with electric installations. Also gas networks offer access for
private households as well as for commercial and industrial cus-
tomers. Community heating and cooling is common in urban
areas. Emerging generation technologies such as fuel cells and
micro turbines implicate the use of hydrogen or hydrogen-based
products.

Nowadays, the different power flows are mostly considered
to be independent. Due to an increasing utilization of gas-
fired and other distributed generation technologies (co- and
trigeneration [1, 2]), increased couplings between electricity,
natural gas, and district heating power flow can be expected
for the future. Interactions are caused by the converters which
transform power from one energy carrier to another. Examples
of converter devices are fuel cells, micro turbines, or other
combined heat and power facilities. Power can be converted
arbitrarily between electrical, chemical and thermal states, even
though certain conversions (such as thermolysis) have not been
used commercially yet.

Combined computation and optimization of systems includ-
ing multiple energy carriers have recently been addressed in
e.g. [3, 4, 5, 6], but no general method which explicitly models
the couplings between the different systems has been published
up to date. This paper presents a power flow modeling and op-
timization approach for power systems which include different
energy carriers, focusing on couplings and interactions between
the different systems.

In the following section, the concept of energy hubs is
proposed. A general power flow model capable of describing
flows of different energy carriers in hub systems is outlined

in section III. The models are then used to formulate an opti-
mal power flow problem for mixed energy carrier systems in
section IV, and section V demonstrates the potential of this
approach in an example. Section VI concludes the paper.

II. HYBRID ENERGY HUBS

Different system approaches concerning integration of
demand-side power sources are proposed. The ”microgrid”
concept, for example, views distributed generation and associ-
ated loads as a subsystem [7, 8]. In [4], so-called ”basic units”
are introduced to describe power flow through the elements
of an energy supply chain. The idea of ”consumer portals”
focuses on somewhat different aspects such as communications,
metering, monitoring, and other features [9].

Hybrid energy hubs are another novel concept, whereas
the term ”hybrid” indicates the integration of different energy
carriers, or different qualities of an energy carrier (e.g. AC and
DC electricity, crude and light oil). In [10], the energy hub is
discussed in terms of technology and defined as the ”interface
between power producers, consumers, and the transportation
infrastructure.” From a system point of view, the energy hub
represents a part or a unit of a mixed energy carrier power
system providing the basic features

• input and output,
• conversion, and
• storage

of different energy carriers. Figure 1 illustrates an example of an
energy hub exchanging electrical, chemical, and thermal power.
The hub contains converter elements establishing couplings
between the different energy carriers. Storage devices affect
the power flows as well due to their integral action. Loads
and generation from other primary sources than the energy
carriers taken into account (e.g. hydro, wind, solar) as well as
connections to other hubs are considered to be connected to the
hub ports.

Examples of real facilities that can be modelled using this
concept are conventional power plants (hydroelectric with
pump storage, thermal with community heat extraction), indus-
trial plants (steel production, paper mills), big buildings (air-
ports, hospitals), residential areas, villages, and island power
systems (ships, aircrafts).

III. POWER FLOW MODELING

In this section, we derive a combined power flow model for
multiple energy carriers. As mentioned in [4], the challenge is
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Fig. 1. Sketch of a hybrid energy hub with typical elements: power-electronic
converter, micro turbine, heat exchanger, heat storage. Loads and smaller,
distributed generation (e.g. small hydro, wind, solar) are connected to the hub.

to find a representation that is ”sufficiently general to cover all
types of energy flows, but concrete enough to make statements
about actual systems.” Moreover, we aim at explicitly including
the couplings between different energy carriers in the model.
We consider a system of interconnected energy hubs and derive
the model in two steps: power flow within and between hubs.

A. Hub Power Flow

Consider the energy hub model in figure 2. Different energy
carriers α, β, . . . , ξ are exchanged at N hybrid ports. Within the
hub, power is converted in order to meet the load demand. The
power flow transfer from an input port m to an output (load)
port n (with m 6= n) can be stated as:
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
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︸ ︷︷ ︸

input Pim

(1)

where Cimn is called forward coupling matrix. This matrix
describes the power conversion from the input m to the output n
at hub i. The entries of the coupling matrix are called coupling
factors, they can be derived from the converter efficiencies and
the hub-internal topology and power dispatch (as demonstrated
in the example below). Usually, efficiencies of converter de-
vices (and therefore also coupling factors) are dependent on the
converted power [1]; including this dependency in (1) yields a
non-linear relationship.

The underlying causality for the derivation of (1) is that
power flows from the input to the output. Nevertheless, reverse
power flow is possible as long as the corresponding coupling
is realized by reversible technology. An electrical transformer
for instance allows power flow in both directions, whereas a
micro turbine does not provide this feature (see figure 2 for sign
convention).

The forward coupling matrixCimn describes the power con-
version from the input port m to the output port n. Determining
the necessary input at port m for a certain desired output at port
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Fig. 2. Model nomenclature for an energy hub exchanging energy carriers
α, β, . . . , ξ. F denotes line flows in the network, P are the hub input flows,
and L indicates the actual load flows at the output ports.

n requires the inverse relation:

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where Dinm is called backward coupling matrix which can be
derived element-wise from its forward equivalent:

dβα =

{
c−1

αβ if cαβ 6= 0

0 else
(3)

In other words, the backward coupling matrix can be derived
by inverting all non-zero elements of the transposed forward
coupling matrix.

Equations (1) and (2) enable to analyze port-to-port power
flow couplings. The total power demand of an N -port hub i

that is fed via a single input port m can be stated as:

Pim =
N∑

n=1

n6=m

DinmLin (4)

This equation defines the multi-port backward power flow
coupling from the load ports n to the input port m of a hub.
It can be used to determine the hub’s input when loads are
given. If storage is present in the hub, an additional term can
be included in (4) which accounts for the power exchanged by
the storage. Assuming storage directly coupled to the input port
m, the continuity equation for the hub results in

Pim =

N∑

n=1

n6=m

DinmLin +Ni

∆Ei

∆t
(5)

where ∆Ei is the change in stored energy Ei within a time
interval ∆t. Ni contains the energy efficiencies of the storage
devices including their network interfaces, e.g. power electronic
converters. The efficiencies can be derived as functions of
i) the storage’s energy content Ei, ii) the change in energy
∆Ei, iii) the time interval ∆t, and iv) certain device-specific
characteristics [11].



¥ Example: We will now derive the forward coupling matrix
for the hub shown in figure 3. It contains three converters: a
micro turbine (MT), a gas furnace (GF), and a heat exchanger
(HE).
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Fig. 3. Example of a hybrid energy hub containing a micro turbine (MT), a
gas furnace (GF), and a heat exchanger (HE).

We can state the power flow coupling from port 1 to port 2
according to (1). First, we apply conservation of power at all
nodes within the hub, then we express the converter outputs as
the products of inputs and related efficiencies ηij , with i, j ∈
{1, 2, . . . , 7}. The results can be converted into matrix form:

[

L2e

L2h

]

︸ ︷︷ ︸

L2

=





1 νη12 0

0
νη13

+(1− ν)η45

η67





︸ ︷︷ ︸

C12






P1e

P1g

P1h






︸ ︷︷ ︸

P1

ν is called dispatch factor, it defines the dispatch of the natural
gas input to the micro turbine and the furnace. ¤

B. Network Power Flow

Energy hubs are connected to networks providing different
energy carriers. In these networks, power flow is firstly modeled
as lossless, based on nodal power balance. Losses are subse-
quently calculated as shown below. The nodal equations can be
stated for each network as:
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
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. . .
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︸ ︷︷ ︸

Pα

(6)

where Aα is a connectivity matrix of the network transporting
the carrier α, with entries {0,+1,−1}. Fα contains all line
flows of α, and Pα includes all hub inputs of the same energy
carrier α.

In order to get a criterion for power flow optimization, we
derive network losses from the result of the lossless power
flow calculation. Therefore, line losses are approximated as
polynomial functions of the corresponding power flow [4]:

Λjα =

Kα∑

k=1

fjαk |Fjα|
k (7)

Λjα are the losses on line j related to α, Fjα is the power
flow on that line, and fjαk are loss coefficients related to line
j, energy carrier α, and order k. These coefficients depend on

the energy carrier, the technology and design of the line, and
the line length. The order of the polynomial Kα depends on the
energy carrier. For electrical lines, losses can be approximated
with quadratic functions of the transmitted power; on the other
hand, losses in gas pipes grow with the cube of the flow [4].

IV. OPTIMAL POWER FLOW

With different energy carriers available at the inputs and the
possibility of internal power conversion, the hubs get flexible in
supply. Also the power flows in the network can be controlled
within a certain degree of freedom. These aspects result in
questions of optimal system operation, such as:

a) How much of which energy carriers should the hubs
consume from the networks, and

b) how should the energy carriers be converted within the
hubs in order to meet the load demands?

c) How should power flow through the networks be con-
trolled?

In the following, an optimization problem addressing these is-
sues will be derived. Since the approach covers power demand,
conversion, and transmission, it comes down to an optimal
power flow (OPF) problem [12, 13, 14].

A. Assumptions

Before formulating the problem mathematically, we make
the following assumptions and simplifications:

• As commonly practiced for electricity and natural gas
OPF, the cost of the energy carriers are stated as polyno-
mial functions of the corresponding power [5, 12, 14].

• The cost of the energy carriers are independent of and
separable from each other (see section VI for discussion).

• The loads at the hub outputs are inelastic.
• Converters operate with constant efficiencies. This as-

sumption can be justified assuming cascaded converter
units operating close to their rated load [15].

Note that each of these assumptions can be relaxed in order to
obtain a more detailed representation. However, we believe that
the simplified model provides sufficient accuracy for illustrative
purposes and general investigations in the system behavior.

B. Objective

There are a number of reasonable objectives which can be
used in OPF procedures. In this paper, we aim at minimizing
total energy cost for the whole system considered.

In common electricity OPF problems, network losses are
included in the equality constraint which accounts for conser-
vation of power. A general dispatch rule can then be derived by
introducing penalty factors, which include sensitivities between
transmission losses and generator powers. For electrical AC
networks, penalty factors can be computed using bus voltage
angles as intermediaries [16]. It is not possible to proceed
in a similar way when using the power flow model (1)–(7),
because these equations do not include physical details such
as bus voltage angles. Furthermore, not only AC electricity but
arbitrary forms of power are integrated in the proposed model.



We therefore account for the network losses by including them
in the objective function, which is stated as the total cost for

• energy consumed from the hubs and
• energy lost in the network.
As commonly done for standard economic dispatch, costs are

modeled as polynomial functions of the power1. Power can be
consumed from or supplied to the networks. In the latter case,
variable energy cost reverse, i.e. the hub is paid for delivery.
The following cost function includes this feature:

Cα = aα +







Qα∑

q=1

bαq (Pα + Λα)
q if Pα ≥ 0

Rα∑

r=1

cαr |Pα + Λα|
r else

(8)

where
• Cα are the total cost related to the energy carrier α
• Pα =

∑

i,m Pimα is the sum of all hub inputs2 of α in pu
• Λα =

∑

j Λjα are the total network losses of α in pu
• aα are the fixed cost related to α in ¤ (monetary unit)
• bαq and cαr are the cost coefficients of order q and r,

for power demand and delivery of α, in ¤/puq and ¤/pur,
respectively

• Qα and Rα are the orders of the cost polynomial for power
demand and delivery of α, respectively

C. Constraints

Equality constraints are given by the power flow equations
for the hubs (1) and the networks (6). Inequality constraints
arise from power limitations of the hub inputs (network con-
nections), the converter devices, and the lines in the network.
For the converters, we define the power limits at the input side.
Note that the power input of a converter can be expressed as the
product of the hub input flow and the corresponding dispatch
factor:

Pc = νc · Pimα (9)

where Pc is the (limited) converter input and νc is the dispatch
factor related to this input, which is in turn limited with 0 and 1
(0 ≤ νc ≤ 1, see example in section III-A).

D. Problem Formulation and Solution

In summary, the OPF problem can be formulated as an
inequality-constrained optimization problem:

Minimize the total energy cost

C =
∑

α

Cα (10)

subject to the power flow constraints

Lin −CimnPim = 0 (11a)
Pα −AαFα = 0 (11b)

1Strictly speaking, average power during a unit of time, or energy per unit of
time, e.g. MWh/h is considered.

2Note that the input flow may reverse if surplus power is delivered back to
the grid.

and limits

Pimα ≤ Pimα ≤P imα (12a)

Pc ≤ νc · Pimα ≤P c (12b)
0 ≤ νc ≤ 1 (12c)

|Fjα| ≤F jα (12d)

by adjusting the hub and converter input powers (Pimα and
Pc = νc · Pimα) and the power flows in the networks (Fjα).

The scalar objective function (10) includes the total energy
cost including all energy carriers and related losses in the
system. The equality constraints (11a) describe the hub power
flows and conversions for all port-to-port couplings in the sys-
tem. The network power flow equations (11b) build additional
equalities for all energy carriers α. (12a) represents the input
limitations of the hubs, and (12b) limits the converter inputs.
The dispatch factors νc, which define the dispatch of the hub
input of a certain energy carrier to the different converter inputs,
are limited according to (12c). Power limits of network lines are
regarded in (12d).

This nonlinear, inequality-constrained, multi-variable opti-
mization problem can be solved using nonlinear programming
algorithms [17, 18]. We use commercially available optimiza-
tion software for implementation, in particular the Matlab func-
tion fmincon.m [19].

E. Conformance to Original Definition

Carpentier suggested to define optimal power flow as ”the
determination of the complete state of a power system corre-
sponding to the best operation within security constraints” [12].
The problem (10)–(12) conforms to this definition:

1) The complete state of the system (as far as it is modeled)
is determined intrinsically by the optimization procedure
since the load flow equations are included as constraints.

2) Best operation is targeted according to the objective
function.

3) Security constraints are regarded in the form of power
limits.3

F. Locational Marginal Prices

The cost of the last unit of power produced is commonly
referred to as marginal cost [20]. Mathematically speaking,
marginal cost represent the sensitivity of the cost function
with respect to an individual optimization candidate (product
quantity) at the optimum. In case of an OPF problem with
network losses and power limits considered, marginal prices
depend on marginal cost for the power consumed, marginal cost
for transmission losses, and marginal cost for congestion. Thus,
consumers are faced with different marginal prices depending
on their location in the network, so-called locational marginal
prices (LMP).4 For the problem defined by (10)–(12) we get
different LMP for different energy carriers and network nodes.

3Other security criteria such as ”N − 1” could be included in the approach.
4Some authors refer to ”incremental cost” and ”bus incremental cost” mean-

ing the sensitivity of the cost function with respect to system parameters at a
given bus [14].
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Fig. 4. Test system with three hubs connected via independent electrical,
natural gas, and district heating networks. All hubs Hi are equipped with a
combined heat and power (CHP) plant.

G. Optimality Condition

Examining the first-order optimality conditions due to
Karush-Kuhn-Tucker [17, 18] for the problem (10)–(12) yields
a relationship for the marginal prices at the input and output of
a port-to-port coupling. Power flow is dispatched optimally, if

Ψim = ΨinCimn (13)

where Ψim and Ψin are row vectors containing the marginal
prices of the energy carriers at port m and n, respectively (i is
the number of the hub). This equation can be seen as a general
optimality condition similar to the well-known dispatch rule
of equal incremental cost [14, 16]. All inputs m of the hubs
i connected at the same node are faced with the same locational
marginal prices (LMP) Ψim, but depending on the coupling
matrix different hub marginal prices (HMP) Ψin appear at the
output ports n.

V. EXAMPLE

The optimization technique above is now demonstrated in an
example. Consider the system in figure 4 consisting of three
equal hubs, each of them equipped with a combined heat and
power (CHP) device, and three independent networks (elec-
tricity, natural gas, district heat) interconnecting the hubs. This
3-hub system exchanges power with superior/adjacent systems
via node 1 (F01 is the slack flow).

Line specifications are given in table I. We assume all lines
to be realized by the same technology and equally dimen-
sioned, therefore the loss coefficients are proportional to the
line lengths. In the electrical system, losses are modeled as
quadratic functions of the power flow; in the natural gas and
district heating system, they are assumed to increase with the
cube of the flow. Energy prices are assumed linear, with equal
fixed cost for all carriers, see table II. Half of the demand price
is paid for power delivered back to the mains supply (negative
F01). The CHP is assumed to operate with constant efficiencies
of 30% from gas to electricity and 40% from gas to heat. All

TABLE I
ASSUMED LINE DATA.

line length lj fje2 fjg3 fjh3

from–to in pu in pu−1 in pu−2 in pu−2

1–2 6 0.30 0.60 0.90

1–3 4 0.20 0.40 0.60

2–3 3 0.15 0.30 0.45

TABLE II
ASSUMED ENERGY PRICES.

energy aα bα1 cα1

carrier in ¤ in ¤/pu in ¤/pu
electricity 100 10.0 −5.0

natural gas 100 5.0 −2.5

district heat 100 4.0 −2.0

hubs feed the same loads: 1 pu of electricity and 2 pu of heat,
i.e. Li =

[
1 0 2

]T
pu.

Figure 5 shows the results for optimal hub inputs. Clearly, the
optimal consumption depends on the location in the network.
Hub 1 is directly connected to the slack node 1 and does not
cause any network losses, its optimal supply is independent
of the network and the consumption of the other hubs. Power
flow to the remote hubs 2 and 3 causes losses in the network,
what results in different optimal inputs. Losses grow with the
square/cube of the power. In order to keep the sum of the
squares/cubes low, the three inputs of hub 2 and hub 3 are more
balanced compared to those of hub 1. In terms of power flow,
hub 3 is ”closer” to the slack node 1 than hub 2:

H2↔ 1: l12|| (l13 + l23) = 6 || (4 + 3) = 3.23

H3↔ 1: l13|| (l12 + l23) = 4 || (6 + 3) = 2.77

Therefore hub 2 consumes less than hub 3 from the most lossy
system—the district heating network.

Network power flow results are pictured in figure 6. In the
different systems, power flow is dispatched due to the related
loss mechanisms (square/cube of power).

Another OPF result are locational marginal prices, which are
printed in table III and illustrated in figure 7. As mentioned,
hub 1 does not cause any losses, thus the related LMP corre-
spond to the linear prices given in table II. Lossy power flow
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to hub 2 and hub 3 is penalized according to the loss-terms in
the objective function (8), resulting in considerably higher LMP
for these hubs. Hub 2 is more remote than hub 3 and thus faced
with slightly higher LMP than hub 3. The LMP for district heat
is most sensible on the network location, as this system is the
most lossy one (compare table I).

Note that power flows related to hub 2 and hub 3 are adjusted
in order to fulfill the optimality condition (13). We can check
the condition for hub 3:
[

13.09 13.95 25.06
]

︸ ︷︷ ︸

LMP in ¤/pu

=
[

13.09 25.06
]

︸ ︷︷ ︸

HMP in ¤/pu

[
1 0.3 0

0 0.4 1

]

︸ ︷︷ ︸

Ci

The optimal operation point for hub 1 is found at marginal cost

TABLE III
OPF RESULT: LOCATIONAL MARGINAL PRICES (LMP).

LMP of ↓ / at→ H1 H2 H3
electricity 10.00 13.36 13.09

natural gas 5.00 14.07 13.95

district heat 4.00 25.16 25.06

of 4.6 ¤/pu for natural gas. Since marginal cost at node 1 are
constant and equivalent to the linear price factor bc1 = 5.0 ¤/pu,
optimality cannot be reached by power flow variation. Thus,
hub 1 does not consume natural gas; 4.6 ¤/pu represent the
break-even marginal cost for natural gas consumption at node 1
(with Ci).

Interdependencies between the inputs of hub 2 and hub 3 can
be studied performing sensitivity analysis. For example, chang-
ing the thermal load at hub 3 affects not only the consumption
of hub 3 itself but also the optimal input of hub 2.

Another sensitivity analysis can be carried out by varying
price parameters. One may expect that the price of electric-
ity b1e significantly influences the OPF result, but it can be
observed that the impact on the optimal inputs of hub 2 and
hub 3, and therefore also on the network power flow is rather
low. This is caused by the high losses in the district heating
system representing the dominating part in the objective func-
tion, whereas losses in the electrical system are comparably
low. Power dedicated to the heat loads is therefore ”shifted”
to the natural gas system and converted within the hubs to
meet the heat demand. Whenever natural gas is converted to
heat using the CHP, electricity is produced as well. Hence, the
overall power flow situation concerning hub 2, hub 3, and the
network, is not very sensitive on the price of electricity. On the
other hand, the optimal supply of hub 1 depends very much
on the price structure of the energy carriers. Increasing b1e by
50% shifts the aforementioned break-even point to 6.1 ¤/pu
resulting in P1 =

[
−1.53 8.42 −1.37

]T
and F01 =

[
−0.21 10.70 1.72

]T
pu. In this case, hub 1 produces

surplus electricity and heat which is partly consumed from
hub 2 and hub 3. All in all, the 3-hub system is now operating
as a producer of electricity.

VI. CONCLUSION AND DISCUSSION

This paper presented an approach for the combined opti-
mization of coupled power flows of different energy carriers.
Couplings established by distributed generation are taken into
account explicitly by using the concept of hybrid energy hubs.
A general mathematical model for power conversion within the
hubs is stated which can easily be derived for different hub
topologies. Conservation laws and polynomial loss formulae
are proposed for describing the various power flows in the
system in a uniform manner. The models are then used for
combined optimization of hub-internal and network power flow,
i.e. power conversion and transportation. The features of the
developed technique are demonstrated in a numerical example.
Power flow as well as marginal price interactions between the
different energy carriers can be studied for different scenarios,
like

• widespread utilization of gas-fueled distributed generation
technology such as micro turbines,

• significant increase of fossil fuel prices as natural re-
sources become scarce,

• breakthrough in converter technology resulting in substan-
tially increased energy efficiency, or



• breakthrough of hydrogen as a commonly accepted energy
carrier.

There are a number of possible OPF applications [13]. The
approach outlined in this paper has been developed for system
design studies evaluating different topologies and technologies
under the mentioned scenarios. The models are probably not
sufficiently accurate for other OPF applications.

One critical presumption is that the cost of the energy carriers
are independent of and separable from each other. In fact, the
model is capable for including the whole chain of power deliv-
ery from the primary source to the end user and thus including
price dependencies of technical/rational origin. However, there
are other factors influencing energy markets and establishing
price couplings even if no physical couplings exist. Such non-
technical couplings can be included in the model by introducing
empirical price dependencies.

We believe that a hybrid system view including electrical,
chemical, and thermal energy carriers is needed for optimiz-
ing the complete energy supply of customers. Investigations
restricted to electricity will hardly yield an overall optimum,
since synergies between the different energy carriers cannot be
taken into account. The specific properties of energy carriers
could be combined in a beneficial way. Electricity, for example,
is highly controllable and can be transmitted with comparably
low losses. On the other hand, large-scale storage of natural
gas and hydrogen (or hydrogen-based products) can be realized
by simple technology and with relatively low cost. Heat, often
seen as a waste product of industrial and other processes, can
be injected in community heating systems resulting in lower
consumption from other sources.

Future work is dedicated to additional/multiple optimization
objectives and the further development and refinement of com-
bined power flow models for power systems including multiple
energy carriers. The inclusion of storage in the optimization
model is of particular interest, since it plays a decisive role in
gas and thermal systems.
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