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Operational and Topological Optimization of
Multi-Carrier Energy Systems

Martin Geidl and ®@ran Andersson

Abstract— This paper presents an approach for the combined  Previous work is dedicated to power flow and operational
optimization of energy systems including multiple energy carriers  optimization models [7, 8]. In this paper the topological op

such as electricity, natural gas, and district heat. Power flow and timization of power flow couplings is discussed. The paper
conversion between the different energy infrastructures is de- . . )
is structured as follows. In section I, the power flow model

scribed as multi-input multi-output coupling, what enables simple . . . .
analysis and optimization of the flows. While previous work deals 1S reviewed and discussed from the perspective of topologi-
with operational optimization (multi-carrier optimal dispatchand  cal optimization. The optimization problem is then derived

power flow), this paper focuses on optimization of the couplings section 1Il and demonstrated using examples in section V.
between the different systems. Section V gives a short summary and discussion.

I. INTRODUCTION II. SYSTEM MODELING

Increasing utilization of gas-fired and other distributesig "€ System model outlined in the following paragraphs is
eration, especially co- and trigeneration, is expectedffece Pasically developedin[7, 8]. We extend the discussiontun
both the technical and economical operation of energy syste OUt certain mathematical properties which are important fo
The conversion between different energy carriers (e.giraht topological optimization. Furthermore, the network flowdgo
gas into electricity and heat) establishes a coupling ottre 1S enhanced by directly including line losses in the equmstio
responding power flows resulting in system interactiongréh
fore investigations concerning co- and trigeneration &houa  Basic Modeling Concept
cover all involved energy carriers, e.g. electricity, matgas,
and district heat.

The combined modeling and optimization of multiple energ

carrier power flow has recently been addressed in a numbe bgf ray hUbf (ef' (ii.er;a/llr? d-side céor?ebn er azir?r?ihThﬁ g itferen
publications, e.g. [1-8]. Different models have been usetl a eween networks (links/lines) and hubs is that the hubpleou

developed for different purposes. While approximated ms)deﬂows of different energy carriers, Whereas n_etwork flows are
are used e.g. in [2] for optimizing the flows through an ener sumed to be decoupled. When considering a systems of

supply chain, [3] deals with detailed steady-state power flo terconnected hubs, models for Power conversion (withén t
equations for natural gas and electricity, since the mosieIWUbS) as.well as for p_owertransmlssmn (throughthe netsjork
intended to be used for optimal dispatch in a real system. are required. Accordingly, we state the model in two parts: a

; . - odel for energy hubs is presented in section II-C, a network
The approach presented in [7, 8] aims at providing a tomodel i discussed in section I1-E.

for the development of a greenfield approach for future powfenrIn order to obtain equations which are both sufficiently

systems. Thus a rather approximate model is developed for de .
scribing power flow and conversion of different energy eagi general and accurate enough for describing all types aggmer
The model is based on the concependrgy hubs. As indicated flow, the following assumptions and simplifications are made

in figure 1, an energy hub connects loads with power deliverys The system s in a steady state.

We consider the mixed energy carrier power system as a com-
ination of different networks (e.g. electricity, natugas) and

systems or primary sources of energy. « Power flow is characterj;ed through power, efficiency, and
energy; no other quantities are used.
mains supply 020 » The model incorporates conservations laws (conservation
. energy hu iy of flow) but no constitutional laws (e.g. relation between
electricity electricity
B voltage and current).
naturalgas _ heating The simplified model, which corresponds to a network flow
biomass : compressed air or transportation model [9], is _believed_ to provide sufiitie
Bt : - accuracy for overall system design studies. However, foerot

purposes detailed power flow models may be required to obtain

Fig. 1. Example of an energy hub that interfaces loads withepavelivery meaningful results.
infrastructures. The hub contains a micro turbine (MT), ad&aee (F), and a
compressor (C).

B. Nomenclature

The authors are with the Power Systems Laboratory, Deparwhé&rforma- Bef di . th th tical del tart with
tion Technology and Electrical Engineering, Swiss Fedestltute of Technol- efore aiscussing the mathematical model, we start wi

ogy (ETH) Zurich, Switzerland. Emaifgeid|, anderssdf@eeh.ee.ethz.ch  some definitions and conventions (see figures 2 and 3):



o The sum of all outputs, 3, . .., w converted from a single
input « has to be lower than or equal to the input. Thus
each column-sum of the coupling matrix is limited:

0<) <1 V(ij)eCacl (3)
Beé&
These properties of the coupling matrix will serve as inéqua
ity constraints in the optimization problem formulatiore¢s
tion 11I-B).

D. Derivation of the Coupling Matrix

In this section we will shortly discuss how the coupling
matrix can be derived for a given converter arrangement. Ac-
tually, the paper aims at finding the optimal coupling rather
than stating the matrix for a given layout. But, as we will see
later, knowledge about the construction of the couplingrixat
is important when trying to interpret optimization results

As mentioned above, the coupling matrix can be derived
from the converter efficiencies and the topology of the cimgpl
Converter efficiencies can be assumed as constants or as func
tions of the converted power. The power flow through a device

Fig. 3. System of interconnected energy hubs including Hirs, and nodes. that converts power from to 3 can be stated as
PP =nA(P) . P? @)

« Small Greek letters denote members of the set of enengperen®’(P*) is the power-dependent efficiency of the con-
carriersia € £ = {electricity, hydrogensteam. . .}. verter; P® andP? are the input and output powers, respectively.

« Small Latin letters denote members of the set of pofthis type of equation as well as nodal equations are used to
numbers:i € P = {1,2,...}. define the coupling matrix for a given converter arrangement

« The set of couplings contains pairs of the related port A specific complication related to nodal equations comes up
numbers(i, j) € C = {(1,2),(3,4),...}, wherei, j € P. when considering input junctions where the total input fléwa o

« P denotes power exchanged at a hub pdértdenotes certain energy carrier splits up and flows into several caare

power flow on a line, and is used for line losses. In this case, the dispatch of the total input to the individua
« Superscript letters are used to indicate energy carrieggnverters has to be defined by introducing so-cadiepatch
subscript letters indicate port numbers. factors. The dispatch factory; defines how much of the total

input P> flows into a certain connected brankhi € P and
_ a € & identify the junction, and: is the consecutive branch
C. Power Conversion number. Two basic properties of dispatch factors are:

As indicated in figure 2, we consider 2-port hubs establighin « Since every branch carries only a part of the total input
port-to-port couplinggi,j) € C. The powers exchanged at flow, all dispatch factors must be lower than or equal to

ports: andj can be stated in vectol3; andP;, respectively. one:
The relation between the power vectors can be stated asfllo 0<v) <1 VkieP,aef (5)
P AR P « Due to conservation of power, the sum of all dispatch
. i . ) . : —0 (1) factors related to a junction must be equal to one:
P e oo || pe Yug=1 ViePack (6)
P; Cij P;

After discussing some modeling details in the preceding
C,;; is called thecoupling matrix, it maps the powers from port paragraphs, we will now focus on setting up the coupling
i to portj. Note that this matrix is generally not invertible. Thematrix. As outlined in [8], the coupling matrix can be dedve
entries ofC,; can be derived from the converter efficiencies anidllowing a certain procedure:
the topology of the coupling (see section II-D). Two impatta a) Define power vectors at the involved ports.
characteristics of the coupling matrix are obvious: b) Introduce dispatch factors at input junctions.
« Since no power can be gained by converting one form o) Express converter outputs as functions of the inputs.
powera into another ong, all entries of the coupling ma- d) State nodal power balance at output junctions.
trix are limited according to minimal/maximal efficiency: €) Formulate the results in (1).
of o The following example should demonstrate the derivaticthef
O<ey <1 V(,j)eCapel () coupling matrix including the introduction of dispatch fiars.
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district heat —l—;———— -—b--" Fig. 5. Power flow model for lossy lines.

Fig. 4. Example of a simple energy hub realized with a micro hei§MT), a

furnace (F), and a heat exchanger (HE). the flow [2]. Together with nodal equations, the line equaio

(10) can be summarized yielding a complete descriptionlof al
a-flows:

m Example: We will now state the coupling matrix for a A°F* —-L*-P* =0 (11)

simple but realistic coupling. Consider the combination Qfhere A« is the branch-nodal incidence matrix of the network
converters shown in figure 4. At port 1, electricity, natugas, containing element$0, £1}. The vectorF contains all line

and district heat are provided. The power demanded from pggs of the energy carries, L* contains flow-dependent line
1 is converted and supplied to the load via port 2. The 'm’erfalosses, and®® contains powers of the form exchanged at the
comprises a micro turbine (MT) which converts natural g&s inports.

electricity and heat, a furnace (F) which burns gas and gesvi
heat, and a heat exchanger (HE) which interfaces the distric
heating network with the local heating system. L
We will now follow the items in the list above. We start™ OPtimization Problems

by defining power vector®, = [ Pf P} P ]T and Different energy carriers are provided at the hub inputd, an
P,=[ Py P} ]T_ Consider now the junction at the naturaF?rt?i” loads are required at the hub outputs. The conserter
gas input. Node4 represents an input junction, therefore wéithin the hubs may establish redundant paths resulting in a
introduce a dispatch factor which defines how much of the certain degree of freedom in the supply of the hub. Consiafer f

Il. SYSTEM OPTIMIZATION

total gas input? is flowing into the MT: example the energy hub shown in figure 4. The electricity load
can be met by consuming all power from the corresponding in-
Py =vP{ (7a) put or by converting a part or all of the load power from naltura
Py =(1-v)P} (7b) gas using the micro turbine, resulting in decreased ebetytri

) ) o and increased natural gas input. Note that whenever themicr
Expressing converter outputs as functions of their inpats ay,hine is utilized for generating electricity, heat is poaed

stating nodal power balance at junctions at the output side Gmyitaneously. Consider also that usually all involveergy
the converters resultin carriers offered at the hub input are characterized by reiffe
P§ = Pf + vPInls, (8a) costs_, rel_ated_emiss_ions, etc. _ _ _
This situation raises questions concerning optimal power

h _ ph, hh g, 9h g,.9h
Py = Pi'nyp +vP{nyr + (1 —v)Plng (8b) flow and conversion. Basically, two different types of opties

Finally, we can write (8) as a matrix equation: tion problems can be identified:
ge pe o Operational optimization aims at optimizing the power
ps 1 Vv 0 1q flows and conversions within the hubs and the networks
A Py 9) for a given topology A®,C;;) according to a certain
+(1—v)ngt  HE P} objective. Results include the network and hub power
P, Cos T flows as well as the power dispatch on the converters

within the hubs.
The dispatch factor represents a control variable for the , with topological or structural optimization we mean the
coupling described b1, (v). When modeling the efficiencies  optimization of the hub-internal characteristics, i.edfiny

of the converter devices as functions of the converted pdiver the optimal coupling matrix according to load require-
dispatch factor appears in the corresponding expressons ments and a certain objective. So far, we optimize only
the converter input depends on ifl the topology of the hubg(;;), not the networksA“ are

given). Results include the network and hub power flows
E. Power Transmission as well as the theoretically optimal coupling matrices.

he operational optimization of hub systems is elaborated i
, 8]. In the following paragraphs, we develop an approach f
topological optimization.

Power flow on links (connecting the ports of different hubs
is modeled as outlined in figure 5. Conservation of powerdgiel

Fo L% L F* = (10)

mn mn nm

The line losses can be expressed as a function of the termiRalTopological Optimization

power:L% = f(F2,). Losses in an electricity line, for exam- The topological optimization problem can be stated as a non-
ple, can be approximated as a quadratic function of the powkmear constrained optimization problem defined by an dbjec
whereas natural gas transmission losses grow with the dubdumction and constraints.



In standard optimal dispatch approaches, the total energym of the squared input powers. The optimal input yielding a
cost in the system should be minimized. Other common cgiterhinimal objective is evidentP; = [ 1 1 1 ]T pu. It can
are plant emissions and transmission security. With regmrdbe achieved with different coupling matric€s,, for example:

a technological realization of the couplings, certaineci#

o . X : 10 0 0 0 1 11 11 1[0 11
which include characteristics of the coupling matrixcobll | ¢ ;1 o |. |0 1 o|-21 1 1 1]/:-2|1 o 1
included in the objective function. Finally, line power flsw [ 0 0 1 ] ’ [ 1 00 ] '3 [ 11 1 ] "2 [ 1 1 0 ]

Il matrices result in the same optimum, and there is an i&ini
number of other optimal solutions f&€,,. However, in this

should be included in order to minimize transmission IosseR

The different objectives can be merged in a composite dlegect
case the coupling described by the very left matrix is pdgsib
tpe most reasonable one to implement, since it corresponds

function including the port powerP;, the coupling matrices
C;;, and the line flowd*. Equality constraints arise from the
hub and_ .SySteT“ power flow eq_ua.t|or_13 (1) and (11), re;pey:twqo directly connecting inputs and outputs. Realization haf t
Inequalities arise from power limitations of ports and BnkVe second matrix for instance would require a thermal-elegtkri

) R : . o
define th_i'r mlnlma! and ma>.<|'mal \{alues 'T‘.Vec@% .E *_conversion which is usually less efficient and more expensiv
P;, andF, respectively. Additional inequalities are given by, - -~ "o o iccion line. The fourth matrix establishes the

:Eg C:‘fgfg;egzzcseogq;Tﬁ;g;gg;ﬁ’ rgg[tg); (:s) firlllgvs? fyna coupling without any direct connections, all input powers a
P y ' converted into other forms]

Minimize f (P;, C;;, F%)

subject to IV. EXAMPLES

P, +C;P,=0 V(i,j) €C The presented optimization approach shquld now be dem.on-
strated in two examples. Both of them were implemented using

A“F*—L*-P*=0 Vaef commercially available optimization software [12].

Fo < Fo < Fo Vacé A SngIeEnagy Hub N

s o Figure 6 shows a 2-port hub connected to electricity, nhtura
0<¢; <1 V(i,j)eCa,BeEE gas, and district heating networks at the input side (porfhg
o8 . same energy carriers are demanded by the loads at the output
< -0 <1 . .
0s Bze:g Gij = v@.j)eCact (port 2). The relation between in- and outpuPis = C,P;.

. . We will now determine the optimal coupling matri,
Given are the output poweB;, the topologies of the networks . .
A“, and the limitsP,;, P;,F* and F~. The solution of the and power inputP, for a given outputP;. The penalty to

P . . ) . be minimized is defined as a polynomial function of the input
optimization problem contains the optimal coupling magsic poly P

C;;, the hub inputd; and network flows~. POWers: 3
The problem (12) represents a nonlinear, inequality- f(Py) = Z Z al (P (13)
constrained optimization problem. If (12) is of convex matu ac€ n=1

%lee | gives the parametes§ assumed for this example. The
i . ) ) ) Oﬁlues are chosen based on common energy prices and loss
numerical condition of the equations in (12), two complizas behavior of the related carrier.
may appear. Table Il gives the resulting optimal input for different re-
« The problem may have an infinite number of (equallyuired loads. Figure 7 shows the corresponding optimal cou-
optimal) solutions, whereas not all of them are technicallyling matrices. In order to enhance interpretability aneac!

reasonable. _ ~ness of the results, the matrix entries are displayed aiwprd
o The solution may depend on the starting point (initial

values) of the optimization routine.

A simple ad hoc solution to overcome the problem of infinite  electricity Pl—» """"""""""""""""" i»

solutions is to include a criterion related to the couplinatmx ps . po

in the objective function. The second problem can be elitetha naturalgas p, oo » G e > Py

by starting the optimization routine at technically rezsue o P L Py
district heat ———— P s

values, what includes the risk that unexpected, uncormesiti LO— :

lutions may remain undiscovered. ' . o )
solutions may remain u .dS.CO ered . Fig. 6. Example hub connected to electricity, natural gad,district heating
B Example: We optimize the connection of a threessiems.

. . T .
dimensional loadP, = —[1 1 1] pu (electri-
cal/chemical/thermal) to the three input networks, seagch TABLE|
for the optimal coupling matrixC,, and power input®, (see PENALTY FUNCTION COEFFICIENTS
figure 2). The objective function to be minimized is statethas |_energy carrien | afinpu”' [ aginpu® | af inpu’ |
electricity 2 0.05 0
IMaximization problems can be transformed into minimization fewois natural gas 1 0 0.10
usingmax f(z) = — min — f(x) [10]. distr. heat 1 0 0.20
x x




TABLE Il 1e 2e

EXAMPLE CASES AND RESULTS @ | @

[ case]| requiredP? inpu | optimalPT inpu | N j

a) T11 0.00 1.76 1.24 electricity e

b) 101 0.00 1.17 0.83 2

) 202 0.77 1.89 1.34

d) 102 0.00 1.76 1.24

e) 105 2.51 2.04 1.45

i) [2010] 784244 1.72 Py

H @

a) b) C) atura gas I 2
d ’Eﬁ e J j pPe 3

) ) ) 3

0 I 1 By P PSPy o
Fig. 7. Color-mapped results for optim@l; 2. llr llr
to a color map. From the theoretical results of the optintzat
a technological representation (i.e. hub layout) can b&efbr ¢ l l ¢ i l
that establishes the desired optimal coupling. Consider fo loadsLz loadsLs

example case d). Natural gas and heat are demanded from

the networks to meet the load. The optimal coupling matrixd- 8 Example system with energy hubs at nodes 2 and 3.

shows non-zero elements for conversions from gas to etégtri TABLE Il

(cf5 = 0.52), gas to heatc@ = 0.48), heat to electricity NETWORK DATA.

(chs = 0.07), and heat to heatﬁ = 0.93). A converter layout [Tink ] Tength | Toss coefficient]
that has the potential to realize this coupling could be thase Te2e | 6pu | 0.006pu2
on a combined heat and power plant (CHP), which converts le=3e | 4pu 0.004 pu—?
natural gas into electricity and heat with efficiencig§ and 2e=3e | 3pu_ | 0.003pu—?
" i.e. 52% and 48%, respectively? could be realized by 192 | 6pu | 0.014pu”
1o, 1.€. ) -2 1g-3g | 4pu 0.010 pu=3

directly connecting the heat load (and the thermal CHP djtpu
to the district heating network. Since the first columnf,

does not contain non-zero elements, there is no need to€ONRg 0 || The objective to be minimized is basically stated

to the electré)cn)(/j net\/vé)rk: i fth s i the cost of energy input (considering all sources). In otder
FhOF (iasfé I) ), Ian f) mtlerpretatlé)n oft _edresu tsin ts?((r';a's achieve technically reasonable results and to avoid tHelgms
technological implementation can be carried out in a '9 mentioned in section I1I-B, we reduce the penalty by the sum

forward way based on empirical data. However, c0n3|der|r;1_}c*;the diagonal elements (trace) of the coupling matrices:
case a), c), or e) shows that advanced methods have to be used

to identify topologies/technologies that comply with thesaled 3 "
optimum. f(P;,C2,C3) = Z; Zl ain (P)" —tr (Cy) —tr (Cs) (15)
1€S n=
hereS = {G1,G2, S, B, H} is the set of sources; is the

B. fl H w &8, 0, B, i

S/ste_m of Interconnected ubs power delivered by sourcec S. The values ofi;,, used in this
~ Consider the 3-bus electricity and natural gas networks igample are given in table IV. Note that the formulation (15)
figure 8 which have to supply electricity, natural gas, anath&nyrinsically includes network losses, since the souraaeho

loads at nodes 2 and 3: compensate for them. The optimal coupling matrices of hubs
LI=[1 1 2]py LI=[1 0 3]pu (14 2 and 3 C; and Cs, respectively) describing the couplings
established by these hubs can now be determined using the
The electricity network is supplied by the generai@is(slack) proposed optimization model.
and G2, whose output is limited between 0.2 and 0.8 pu. The resulting optimal matrices are
The gas network is fed by a single sourSe Besides the

network infeeds, there are two smaller local sources of hgsn Co — ggig (1) 8 .o (1) 8 8 16
at node 2 B, max. 0.5 pu) and heat at node &, max. 2= 0'575 01 ’ 3= 01 1 (16)

1 pu). Line losses are modeled as quadratic/cubic functions
of the flow, the corresponding loss coefficients are given ifrigure 9 gives a graphical illustration @, and Cs. From



TABLE IV
PENALTY FUNCTION COEFFICIENTS

[ sourcei | a;iinpu=! [ as2inpu=? | a;zinpu |

G1 8 0.003 0

G2 9 0.005 0

S 5 0 0.5

B 4 0 0

H 4 0 0
C, Cs

Fig. 9. Color-mapped results for the optimal coupling matrices

the results a technological realization (converter laytartthe

hubs can be derived that approximately establishes the th

retically optimal coupling. To realize the coupling debexd

V. SUMMARIZING DISCUSSION

An approach for topological optimization in multiple engrg
carrier systems was developed which is based on the coraeptu
idea of energy hubs. It enables to determine the theorlgtical
optimal interface between certain energy infrastructiaed
loads. For demonstration purposes, the approach was egdmin
using simple example scenarios.

Calculating the theoretical optimum is considered as a first
step in the development of a system design method, which
identifies the technology requirements. A procedure thalsfin
a technological representation which (approximately)resor
sponds to the mathematical result is subject to future work.
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