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Abstract—In this paper the use of frequency-matched linear of accuracy of the used numerical integration methods at
numerical integration tephnlques for the simulation pf sysems the system frequency. The most commonly used integration
modelled by the dynamic phasors approach (DPA) is proposed \nathods, such as forward-Euler, backward-Euler, trapezoi

and investigated. Such methods show an increased accuracgda Gear’ thod timal for th ical int fi f
computational efficiency around the matched frequency. Sut ears method, are optimal for the numerical integration o

frequency matched methods are derived by analyzing the lo¢a l0OW frequency signals, so that they are prone to some errors
truncation error in the frequency domain and determining the at higher frequencies if larger step sizes are used.

coefficients of the method in such a way so that the error is  One approach to overcome this problem is to use the
minimized around the matched frequencies. The aim in this wa so called root-matching method [6]. Numerical integration

is to increase the accuracy and the efficiency of the numerita techni v di fi i FEm) b
calculation, during the inherent fast oscillations featued in such t€chniques generally discretize a continuous syskefs) by

systems modelled with dynamic phasors approach. mapping it into an equivalent discrete time systeitz). The
optimum discretization method should match the poles,szero

and final value of the difference equation to those of the
actual continuous system. If these conditions are fulfilted
difference equations are stable regardless of the step ikize
F or the combined simulation of the electromagnetic anfle actual continuous system is also stable. This rootimiraic
electromechanical transients in power systems, varioggproach can be interpreted as an adjustment of the dismreti
system variable representations are used. The electr@tiagriion (numerical integration) method to the eigenvalueshef t
transients programs often use the instantaneous valuesepr system. This method has been successfully applied for the
tation of system variables and system equations in theraigi discretization of the RL, RC, etc. branch elements in EMTP
three phases [1]. Another possibility is to use a variabl@stead of the traditionally employed trapezoidal diszegion
representation on a rotating reference frame (DQO), whighethod [1].
leads to constant system quantities in balanced steady. stat|n [7] the authors introduced another integration method
Another form of system variable representation is the sedal adapted to the periodic steady state at system frequgncy
dynamic phasors, which is based on the time varying Fourighis method allows the use of larger step sizes uph te-
Series approximation of the periodic or nearly periodideys _1- for the numerical integration of three phase instantaneous

s

guantities [2]. Dynamic phasors provide a suitable frarrrkwoé[fectricm AC quantities.
which has the capability to model power system behavior asSince we are using the dynamic phasor representation for
accurate as EMTP simulations and at the same time, compéwer system modelling and simulation, our aim in this paper
tationally more efficient. In particular, the dynamic pha&sois to optimize the numerical integration method for varésbl
approach has been applied to model three-phase systems véfiresented by dynamic phasors.
electric machines, FACTS devices and power converters [3]-As mentioned previously, in the root matching method,
[5]. Mathematical details of the dynamic phasors approatih wthe poles, zeros and final value of the discrete time system
be discussed in Section II. are matched to those of the actual continuous system. The
Regardless of the selected variable representation, it migiea now is to relax this condition of root-matching and to
of the cases, numerical integration techniques such agfdrw match the numerical integration not exactly to the eigerssl
Euler, backward-Euler, trapezoidal, Gear's method are e@fthe dynamic phasors but approximately to the oscillatory
ployed. Generally, in three phase instantaneous valueeteffequencies of the dynamic phasors. The aim in this way is
sentation for modelling of power systems, the integrati@ps to increase the accuracy and the efficiency of the numerical
size is very limited. Even if fast transients have decayegalculation during these inherent fast oscillations intesys
the sinusoidal AC quantities of the electrical grid with thénodelled by dynamic phasors.
system frequency; cannot be integrated with the maximum The paper will be organized as follows. First a general
possible integration step siZe,... = 5, due to the lack overview of the dynamic phasors approach will be given. This
is followed by the investigation of the numerical integoati
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be compared with the traditional approaches in a simple powe [1l. TRAPEZOIDAL METHOD

systems example modelled with dynamic phasors. The Trapezoidal method is one of the most commonly used
I1. OUTLINES OF THEDYNAMIC PHASORAPPROACH numerical integration techniques in the simulation of dyita
systems. It belongs to the family of linear multi-step metho
And particularly to the Adam’s Moulton methodz™{ order
Adam’s Moulton method) [8]. A linear multi-step method is a
method which approximates the true solution of the first orde
nonlinear ordinary differential equation of the forir{t) =

x(7) in the intervalT € (¢t — T,t] with a Fourier series
representation of the form

a(r) ~ Y Xi(t)elFer (1) f(z,t) atz(t+h) by using a linear combination of previously
keK computed values of the state variableand their derivatives
1 A . Z and is given as
Xi(t) = T / a(r)e Ik Tdr 2) P P
2 pt+h) ~ Y aix(ta—ih)+ Y bid(ty —ih) (7)

wherew, = 27/T and X, (t) is the k" time varying Fourier =0 =

coefficient in complex form, also calletinamic phasor, and In the case oR™? order Adam’s Moulton method the time
K is the set of selected Fourier coefficients which providdomain approximation of(¢ + k) is given by the following
a good approximation of the instantaneous quantity. In thineral expression

representation, since the interval under consideratiaes! N . .

as a function of time, the Fourier coefficients, are time w(t+h) = aox(t) +baa(t+h)+boi(t) (8)
varying. In this approach we are interested in cases wherein discrete form

only a few coefficients provide a good approximation of the

original waveform. Tngt = @0 Tn + b1 f(Znt1) + bo f(2n) ©)

Some important properties of dyn.am-ic phasors are: with the coefficientsio = 1 andby = b_; = %

« The relation between the derivatives ofr) and the = Adam’s Moulton Methods are implicit methods and there-
derivatives of X (t), which is given in (3), where the fore they have to be solved iteratively at every integration
time argument has been omitted for clarity. This canstep. Iterative methods generally require an initial guess
easily be verified by differentiating the formula given irnthe solution of nonlinear equations. A good initial guess

(1) reduces the number of required iterations for convergence
dx Xy . which directly affects the computational efficiency of the
<E>k T dt —Jkw X (3) method. Such an initial guess can e.g. be calculated by an
« The product of two time-domain variables equals a dise-xIOIICIt Adam's Bashforth method of the same order.
crete time convolution of the two dynamic phasor sets of rho = aopTn+boy f(@n) +biy flen1) (10)
iabl hich is gi in (4). : - _
variables, which is glvi? n (4) with the coefficientsu, = 1, by, = 2 andb,, = —3. This
_ XV 4) Processis often referred to as a predlc_tor-corrector ambr,o
@y l_z_:oo( k=1 ) @ since Adam’s Bashforth method predicts the solution and

Adam’s Bashforth method corrects the solution. The predict
MGrrector approach is commonly employed in conjunctiomwit

local truncation error estimation, which is then used for an
z(t) = Ax(t)+ Bu(t) (5) adaptive step-size selection. If a predictor-correctqragach
with same orders is used the local truncation error can be

approximated as;(t) = C' |zP — x|, with z,, the predictorz
the corrector solution an@' a constant dependent on the order
8£ used method.
) In the following, the focus will be on the error analysis
Xp(t) = (A—jkwI)Xp(t)+ BU(2) (6) in the frequency domain and numerical stability of the trape

X, andUj, are the new variables of the system ahis the 20idal method as also performed in [7].
identity matrix. The eigenvalues’ oscillatory frequersce# the Error Analysis in Frequency Domain
new system modelled with dynamic phasors are shifted @y o i ) o

—j kw,. This frequency shift gives rise to faster oscillations A nNumerical integration method must satisfy certain cater

in the step response, which decay in stable systems, deygendPncerning numerlcgl accuracy and numerical staplhtyc&

on the real part of the eigenvalues. These fast oscillatives & humerical integration approximates the true solutioraahe
inherent to dynamic phasor models. Our aim in the followingf€P the error produced at each step can be defined as
sections is to derive a numerical integration method based [&(fn+1) — Zn+1], under the assumption that the numerical
the trapezoidal method which is optimized for the numeric&P!utionz,, att, coincides with the real solution(t,,). This

integration of such fast oscillations around system fregye €r7Or introduced by advancing the solution frémto ¢, in
w, or multiples of system frequendyws. a single step is called also tihacal truncation error ¢;. This

system modelled as a set of first-order differential equatio

with an arbitrary sinusoidal forcing or source functia(t)
with frequencyk f, and low frequency state(t). Assuming
that the source function can be approximated dgy) ~
Uk(t) e?“=t, the dynamic phasor model of the system becom



local introduced error is a measure of the numerical acguragigenvalues of the continuous time system with{s} < 0

and should remain bounded during the simulation. Espgcialb eigenvalues in discrete time system wjth < 1. For the

for the stationary solution, the local truncation error o 2"¢ order Adam’s Moulton method, this can be calculated by

become zero. replacingz = e*" in (12) and solvingt; (s) = 0 in z yielding
The generalized local truncation error of tR&? order

o ag + bo s
Adam’s Moulton method is given as e N
— U
et +h)=z(t + h) — [aox(t) + b_12(t + h) + bo#(t)] (11) Thus, the stability condition becomes
i i i b
The Laplace transformation of the local truncation erretds 1] = izo —2 0S| (16)
2i(s)=X(s) (e*" — ag — b_1s5e*" — bys) (12) Tos
8 In case of the trapezoidal method with pure real coefficients
El S

ands = o + j w the stability condition yields
Generally the numerical integration methods are optimfaed X X
DC stationary solutions meaning that the local truncatioare (a0 -;21?0 s)(ao+bos) < (1 _52_1 $)(1—b-15)
becomes zero at = 0 (E;(0) = 0). This is also observable ;4 * |2 4 pRe{s} < 1+ — |s|*>—hRe{s}
in Figure 1, which depicts the frequency response of thel loca 4 4

error functionE; (s) for the trapezoidal method. The derivation Refs} < 0
c < 0
0.05 . . :
This means, that stable continuous time systeRws{t} < 0)
_ 004 are mapped directly to stable discrete time systejms<( 1)
3 003 regardless of the selected step sizeSuch numerical integra-
5 0.02 tion methods are absolute stable methods or A-stable mgthod
ool 1 1 3 ] After the local truncation error analysis in the frequency
~_ ? domain and the stability region analysis of the trapezoidal
Qoo -50 f[gz} 50 100 method, the focus in the following sections will be on the
frequency matched methods and their error and stabilitipneg
Fig. 1. Error frequency respondg(s) of Trapezoidal Method analysis.

of the trapezoidal method can also be accomplished in the/. FREQUENCYMATCHED TRAPEZOIDAL METHOD FOR
frequency domain. The coefficients, b_1 and by in the REAL VARIABLES

general formulation of the"? order Adam’s Moulton can also  |f the trapezoidal method is used for the numerical in-
be determined from the local error function in the frequengggration of sinusoidal electrical AC quantities with syst
domain E;(s) in such a way, so that the local error functioffrequency (e.g. 50 Hz), they cannot be integrated with the
Ei(s) has a triple root at DCs( = 0). This leads to the maximum possible integration step size due to the lack of
solution of the following three equations with three unkmowaccuracy of the trapezoidal methods at the system frequency
coefficientsag, b1 andb As Figure 1 shows, that the local truncation of the trapeaioid
method at 50 Hz is much higher than at DC frequencies, so

dgl(((()))) = 1-a=0 (13) that the step size must be kept small enough to achieve the
L = h—b_1—by=0 (14) same degree of accuracy at 50 Hz.
5 ds To overcome this problem, in [7] the authors propose the
" £(0) = h2—2b 1h=0 (15) use of a new numerical integration method which is adapted to
ds? the periodic steady state of the electrical AC quantitiekhW

The solution yields the well known coefficients of the trapehis method, it is possible to compute the sinusoidal ACestat
zoidal method namely,, = 1, b_; = % andb, = %. Such variables with angular frequenay, at steady state exactly
an investigation of the local truncation error in the fregeye  without introducing a local truncation error regardlesstiod
domain opens new possibilities to derive new numerical iRelected step size. This is achieved by investigating the local
tegration methods which are not optimized at DC but at als@incation erroe; () in the frequency domain. The coefficients

other frequencies. ao, b_1 andb, can be calculated in such a way that the roots
) N . of Ej(s) in (12) are placed at frequencies other than DC. As
B. Numerical Stability Analysis stated in [7], the coefficients,, b_; andb, can be calculated

Numerical Stability is one of the most important propertieis such a way that the roots df;(s) are placed at-jws, 0
of the numerical integration methods. Numerical stabilitgnd jws. The new coefficients, b_; andb, are determined
ensures that the local truncation error remains boundedhiy setting the following three equations to zero.
subsequent integration steps. The standard method fangest

; NS ; . E(0)=1—aqg (17)
numerical stability is to investigate how the eigenvaluethe _ o h _ o
continuous time system are mapped to the eigenvalues of the ~ Li(jws)=e’**" —ao — jb_wse™ " — jbows ~ (18)
discrete time system. Numerical stable methods map théestab El(fjws):eﬂ“sh —ag + jb_qwee M 4 jbows (19)



The solution of (17-19) yields step sizes. However around the matched oscillatory frequen
(50 Hz), the frequency matched method is much more accurate

G = 1, - (20) than the traditional trapezoidal method. As also reported i
by = L& _ 1 tan (ws h) (21) [71,in a system with a three-phase instantaneous value+epr
ws 1+ efweh 2 sentation, the electrical AC quantities can be computedemor
b, — 1 tan (ws h) 22) efficiently with the frequency matched trapezoidal methaht
- Ws with the trapezoidal method.

After analyzing the accuracy of the frequency matched

ethod and comparing it with the trapezoidal method, in the

lowing, we will investigate the numerical stability ohe
f_natched method.

With equation (9) and the new coefficients, b_; andb, the
frequency matched trapezoidal method is fully defined. T
corresponding predictor method for the frequency match
trapezoidal method is discussed in detail in [7]. In the fo
lowing, a local truncation error analysis will be perfornu
the new method in the frequency domain. B. Numerical Sability Analysis

As discussed in section IlI-B, the general condition for
. numerical stability of the" order Adam’s Moulton method is
Figure 2 shows the frequency response of the local trugiven in (16). In the case of the frequency matched trapetoid

cation error for the frequency matched trapezoidal meth@gethod, the coefficients are also real valued. With (20422,
for real variables atv, = 2750 for different step sizesi.  stability condition becomes

The desired frequency response of the local error function . .
(a0+b0 S) (ao + bg S) < (1 —b_q S) (1 —b_4 S)

A. Error Analysis in Frequency Domain

0.05 a2+ 02 s> +2bgRe{s} < a+b_y|s|>—2b_, Re{s}
004 bopRe{s} < 0
3 0.03 bpo < 0
L7 e ] N _
N W R A S 1 For stable systemso( < 0) the condition for numerical
' : stability becomes
Y00 -50 1l 9 2 50 100 bo 0
Fig. 2. Error frequency responsk;(s) of Matched Trapezoidal for real i tan ws > 0
variables Ws
ws h T
with three roots at-jw,, 0 and jw, is observable. The local kr <— < (2k+1)35
truncation error is zero at the matched frequencies regssdl k 2k +1
of the used step size, so that DC quantities and quantitiéss wi I3 < h < 27, (23)

50 Hz are computed without any error, which is the case in a
power system at steady state without additional harmonicsWith & € N. The expression fok = 0, namelys < 5,
During electromechanical transients, however the frequerfeflects the Nyquist sampling theorem.
content of the state variables of the electromechanicaésys N contrast to the trapezoidal method, the stability ranfge o
will not be exactly at the DC but in a narrow bandwidth arounéf€ frequency matched trapezoidal method for real sigrsals i
DC with a half-bandwidth of 2-3 Hz. Figure 3 shows the errdimited. If the used step size is outside of the valid stapili
frequency response of the trapezoidal method (denoted wigigion (e.9.5 < h < +), the stable continuous system is
the abbreviatiomR) and of the frequency matched trapezoidaﬂ‘appe‘j to an instable discrete time system. Thus the matched
method for real signals (denoted with the abbreviafid trapezoidal method for real signals is not an A-stable nektho
MR). The frequency matched method shows a lack of accu-The described frequency matched method has been success-
racy around DC compared with the original method, hence tHély employed for the simulation of power system transgent

same degree of accuracy can only be achieved with smaflépresented with three-phase instantaneous values, \ttere
steady state is described by the periodic AC quantities [7].

The same method can also be applied to systems represented

0.02 \ TR-MR / by dynamic phasors. In contrast to the three-phase instanta
~0.00 \ ==IR / neous values, the dynamic phasor quantities are constant at
30.006—— steady state. Thus, the traditional trapezoidal method éso
;?0.004 \ / other linear multi-step methods such as backward Euler or
— Gear's Method) can be used for the numerical integration of

0.002 dynamic phasor quantities. The dynamic phasor represemtat

900 50 0 50 100 is a baseband representation so that DC optimized (matched)
flHZ] numerical integration methods are accurate enough afsér fa
Fig. 3. Error frequency respond® (s) of trapezoidal and frequency matchedtransients have decayed. But as discussed previouslygluri
trapezoidal method for real signals with= 0.001 andws = 27 50 fast transients with high frequencies, the trapezoidalhourbt



gets inaccurate and inefficient. The main idea of using suche solution of (24-26) yields
a frequency matched numerical integration is to increase th

simulation accuracy and efficiency during the fast trartsien a = 1 (27)
inherent to the dynamic phasors approach due to the shift of by = U +j (i _h cot (ws h)) (28)
the eigenvalue’s oscillatory frequency as mentioned iriSec \2/ ws 2 2
1. bo.r bo.1

The decreased accuracy of the frequency matched method h (1 h ws h
around DC is not that critical, if it is used in conjunctiontiwi bor = 5 <w_5 — g cot ( 2 >) (29)

three-phase instantaneous values, as they are not DC dy st
state but rather periodic with system frequerfgy However,

the use of the frequency matched method in conjunction wi
dynamic phasors requires a higher accuracy around osciflat
frequencies; w, and also a higher accuracy around DC. A Error Analysis in Frequency Domain

In the following Section, we will derive another frequency rigyre 4 pictures the frequency response of the local trun-
matched method based again on the trapezoidal method, whighon error for the frequency matched trapezoidal method
is more accurate and numerically A-stable. for complex variables ato, = 2750 for different step

sizes h. The desired frequency response of the local error

% a next step, an error analysis will be performed on the
ﬂ(]aw frequency matched method and will be compared with to
antecedently discussed methods.

V. FREQUENCY MATCHED TRAPEZOIDAL METHODS FOR

COMPLEX SIGNALS o0
0.04
3 0.03
In the previous Section, a method was derived, which is \5 0.02
optimized for the numerical integration of real sinusoisligl- —
nals with frequency, or frequencies arounfl.. However, real 0.01 : 3 3
signals can also be represented by their analytical copamtisy, 900 50 0 50 100
namely complex or analytical signals, as they contain al th flHz]

information about the original bandpass signal. The majeiy. 4. Error frequency respondg (s) of Matched Trapezoidal for complex
advantage of using an analytical or complex signal is that tiariables

bandwidth of the original signal is reduced, as only positiv ) ) _

(or negative) frequency components of the real signal aftlgwctllon with three roots double root {it DC anq a single root
considered. Jw, is observable. The local truncation error is zero at the

matched frequencies regardless of the used step size, tso tha

Th_e frequer_my matched_ trapezoidal methqd dgscnbed_ n tBE quantities and complex periodic quantities with 50 Hz
previous Section was derived for the numerical integratibn are computed without any error. Figure 5 shows the error

periodic real bandpass signals. The derivation of the ﬁsgqyj frequency response of the trapezoidal method, the frequenc

f the th ts of the local ot q ) WQatched trapezoidal method for real signals and the fregyuen
of the three roots of the local error n frequency Omamtﬁatched trapezoidal method for complex signals (denotéd wi

—Jjws andjw, as real valued sinusoidal signals’ spectra wit,o o ppeviationTR-MC). As expected, placing two roots
angular frequencyv, are located at these frequencies. The

representation of the real bandpass signals by their acellyt 0.01
counterparts brings one additional freedom in the placeiwfen

. 0.008
the roots, as the complex signal has only frequency comgonen —

at positive or negative frequency. Hence, only one root has t 3 0.008
be placed at the frequengyws or —j ws, the remaining two T 0.004

roots can be placed dC. 0.002

In the following, the new method will be derived by q e g

: . ) ) -100 -50 0 50 100
using the same methodology as in previous sections, namely f[Hz]

calculation of the coefficientsy, b—1 andby in such a way Fig. 5.  Error frequency responsg(s) of trapezoidal, frequency matched

that the two roots of;(s) in (12) are placed at DC and oneyapezoidal methods for real and complex variables vith= 0.001 and
at jws. The new coefficientsg, b_; and b, are determined ws =250

by setting the following three equations to zero and solving . _
in ag, b_; andby. at DC in the error frequency respongg(s) increased the

accuracy of the method for complex signals compared to
the one for real signals. The frequency matched method for

E(0) = 1—ao (24)  complex signals is more accurate than the frequency matched
de(0) method for real signals around DC and also arogng.
= h—b_1—bg (25) . . . . ;
ds Used in conjunction with predictor-corrector approacte th

E(jws) @ g — jwsed b — jw,s b (26) coefficients of the explicit predictor method can be detasadi



in the same way by placing two roots at DC and one root afth the parameterw; = 273, wo = 2760, 01 = 3,
jws yielding os = 6 and the initial valuesz,(0) = 1, z2(0) = 0,
x3(0) = 1, 24(0) = 0. The analytic solution of the initial value
hoosin(wh) (B sin (weh) cos (wsh) proEIem yieIdejg:t cos(wy t)fi,-ol toxg igsiil(wl t)e o1t
bop== +———> +j <_ < > — ) x3 = cos(wat) e 2t andxy = sin(wq t) e~ 72t The system
2 Ws 2 \ 1 —cos (wsh) Ws is integrated using the TR, TR-MR (matched-atw,, 0 and
by p:ﬁ _ sin (wsh) n <COS (wsh) A < sin (wsh) >) jws) and TR-MC (matched &2 and —j w,). Figure 6 shows
T2 Ws 1 — cos (wsh) the results of the analytic solution and the numerical smiut
computed with three methods discussed in previous sections
B. Numerical Sability Analysis in the overall simulation intervdl < ¢ < 1.4 and in a zoomed

define the region of stability of the new method. In the case 8ction we observe that the TR method has lack of accuracy
the frequency matched trapezoidal method, the coefficigntsduring high frequency oscillations witk, = 2760, where

andb_, are complex valued but are also conjugate complefe frequency matched methods (TR-MR,TR-MC) give almost
meaningb_; = bi. With (27-29), the stability condition the accurate results during this fast transients. But iffése

becomes transients have decayed and the system behavior is governed
by low frequency transients witly; = 27 3, TR-MR method

ao,p:1

W 2

(a0 + b025> (a0 +bos)” < (1—b-1s) (21 —b-15) has inaccurate results. However, the TR-MC method computes
ag + |bos|” +2Ref{bys} < aj+|b_1s|°—2Re{b_1s} the results with high degree of accuracy during fast and slow
Re{bys} < —Re{b;s} transients. Comparison of the overall CPU simulation times
of all three integration methods shows that the TR-MC is also
b()_’Rafb()_’]w < 7(b07R0’+b0_’]W) K i
0 the fastest method for this simple test case.
o <

: . . ) B. SMIB system
As in the case of trapezoidal method, this method is also

an A-stable method mapping stable continuous time systemérhe "Single Machine Infinite I_'D’US" (SMIB) system _[9] is ,
(Re {s} < 0) directly to stable discrete time systens| (< 1) u_sed as a second test case. Flg_ure 7 shows the_ single line
irrespective of the selected step size diagram of the test system. In this test case, a single-phase
The described frequency matched method for complé‘?( ground faul_t occurs at the BUS2 end of the LINE3 at 0.1
signal is numerically stable and has also higher DC accurax§conds and is removed after 0.20 seconds by disconnecting

compared with the one for real signals. Thus, it can also J& iné. The components of the system are modelled by
used in conjunction with the dynamic phasors. dynamic phasors and are represented in the original three

VI. TESTCASES
In the previous sections the focus was on the derivation

of the frequency matched methods. The aim of this section 20 ‘\ | | | | 3 Arf‘awtic
is to compare the accuracy and efficiency of these methods ‘W“ 3 3 | | —— TR

with each other and verify the previously made conclusions b 10 M‘M[f””‘} ”””” S e ——TR-MR
simulations. In this section, the derived numerical indtign = VM‘”M § I j | j — TR-MC
methods will be used for the simulation of two test systems. o,oimwtﬁ[ﬂﬁ"’J\%\,M'%&w% ]
All three methods use a variable step-size selection dlguori ”.{V’\"\‘{\,\f} - 3 3 3
based on the described local truncation error estimatidh wi 101““1‘1““ ,,,,,,,, b R I R
predictor-corrector approach. Simulations were obtaumsdg 0 02 04 06 08 1 12
Matlab 7.1 running on a Intel Pentium IV CPU with 3.80 GHz Time [s]

and 2 GB of RAM.

A. Example with Analytical Solution 0

In this case study, the traditional trapezoidal method, fre 0.2
guency matched trapezoidal methods for real signals and for
complex signal will be used for the numerical integratioraof - -0.4
4t order ordinary differential equation system, whose amalyt .
solution is also known. The differential equation systerdem 0.6
consideration is given as

-0.8 ; |
1= Toih —wils 0195 02 0205 021 0215 022 0225 023
To = —01%9+ w1 Time [s]
B3 = —09T3—woly | TR | TRMR | TR-MC |
B4 = —09x4 + w3 | 3.671[s] | 3.359 [s] | 2.921 [s] |
U1 1+ T3 Fig. 6. Analytic solution ofy; compared with numerical solution calculated
with the three different integration methods and requirddUCsimulation
Y2 = T2+ X4 times



BUS3 . . -
BUSL Busz Figure 8 shows the evolution of the positive sequence

LINE2 electrical torqueZ., computed the TR, TR-MR and TR-
® 3 MC compared with the detailed simulation (DT), which is
o . — computed with TR method by keeping the error tolerance quite

‘ g LINE3 low (g¢0; < 1079), which ensures an accurate simulation. The
table in Figure 8 shows also the required CPU simulationgime

with different integration methods.
In the zoomed section in Figure 8 with fast transients around
ws, the higher accuracy of the TR-MR and TR-MC methods

. - compared to TR method is observable, where the TR-MR and
phases (ABC). The simulated system has overall 40 diffeien R-MC methods are in overall agreement with the detailed

and 150 algebraic variables. Details of these models Weimulation results. The increased accuracy and efficiericy o
reported in [10]. It is important to mention, that the app’roxthe TR-MC metho.d at DC ( also at) becom{as noticeable iz
mating set of Fourier coefficients is selected/ds= {1} for the comparison of the overall CPaLtj simulation times. TR-MC
the transmission line model andl = {0, 1,2} for the 9*" P . ’ ;

. .. method is two times faster than the TR-MR method due to its
order synchronous machine model, as unbalanced conditions .

: . increased accuracy also for DC frequencies and as fast as the
are of concern. The dynamic behavior of the test case | S
. . . method in this test case.

simulated by using the trapezoidal method and frequency

matched trapezoidal methods for real and complex signals by VIlI. CONCLUSIONS

using the same degree of accuracy for the three methods (errqn this paper, a numerical integration method based on the
tolerances;, < 10~%) and with the same variable step-sizgrapezoidal method is derived for the simulation of systems
algorithm based on the local truncation error estimatioth wimgodelled with dynamic phasors by minimizing the local
predictor-corrector approach. truncation error around the oscillatory frequengwy) of the
First simulation is done by using the traditional trapeabid dynamic phasorsX}). The derived method shows a better
method (TR) for all dynamic phasorXy. In the second performance regarding accuracy and efficiency during fast
simulation, the dynamic phasors with= 0 are discretized transients with the frequencies around, than the trapezoidal
using TR and witht > 0 using TR-MR with the frequencies method. The use of complex/analytic signal representation
matched to—j kws, 0 andj k ws. In the third simulation, the facilitates the improvement of the numerical accuracy:- effi
dynamic phasors witk = 0 are discretized using TR and withciency and stability of the derived method compared witteoth
k > 0 using TR-MC with the frequencies matched+g kws frequency matched methods used for numerical integration o

Fig. 7. Single line diagram of SMIB system

and0? (with double root an). real signals.
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