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Optimal Coupling of Energy Infrastructures
Martin Geidl,Student Member, IEEE, and G̈oran Andersson,Fellow, IEEE

Abstract— This paper presents a framework for integrated
modeling and optimization of energy systems with multiple energy
carriers. Based on the concept of energy hubs, a generic steady-
state model for describing conversion and storage of multiple en-
ergy carriers, such as electricity, natural gas, hydrogen, or district
heating, is developed and used for system optimization. Besides
operational optimization of energy flows, the optimal structure of
the system is investigated. Mathematically, the problems are stated
as (mixed-integer) nonlinear programming problems. An example
demonstrates the use and potential applications of the proposed
method and highlights its features.

I. I NTRODUCTION

Nowadays common energy infrastructures such as electric-
ity, natural gas, and local district heating systems, are mostly
planned and operated independently. Motivated by different
reasons, a number of recent publications suggest an integrated
system view including multiple energy carriers, instead of
focusing on a single carrier (see, e.g., [1]–[7]).

Various tools have been developed for the integrated analysis
of energy systems employing multiple energy carriers, which
are commonly denoted “multiple energy carrier systems” or
“multi-carrier systems”. In particular, the integrated optimiza-
tion of the system structure and coordinated optimal operation
were investigated. The authors of this paper contributed tothe
field with approaches for operational power flow optimization
as well as optimization of the system structure [6], [7]. These
approaches are based on the concept of “energy hubs”, which
can be considered functional units where multiple energy carri-
ers are converted, stored, and dissipated [8]. This paper presents
some recent achievements in modeling and optimization of
energy hubs:

• Inclusion of storage in the energy hub model.
• Implementation of multi-period optimization, thereby en-

abling to address optimal storage utilization.
• Determination of optimal hub layouts by selecting the

best-fitting elements from a set of available converter and
storage devices to be placed in the hub.

In the following sections, the concept of energy hubs is
shortly reviewed and a mathematical model for describing the
steady-state energy flows through energy hubs is presented.
This model is then used for hub optimization, both in terms
of operation (optimal energy conversion and storage) and plan-
ning (optimal hub layout). An example demonstrates the basic
features of the approaches.

II. T HE ENERGY HUB CONCEPT

Ref. [8] presents the concept of energy hubs, which can be
identified as units where multiple energy carriers are converted
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Fig. 1. Example of an energy hub for the supply of a commercial load.
Electricity and natural gas are provided at the hub input; the load requires
electricity and heat. The hub contains a gas tank, an electrical transformer, a
gas turbine, a furnace, and a heat storage.

and/or stored. An energy hub represents a generalization orex-
tension of a network node in an electrical system. Fig. 1 shows a
simple example of a typical energy hub which interfaces energy
infrastructures with a commercial load. Electricity and natural
gas are delivered by the networks. These carriers are converted
and stored within the hub in order to fulfill the requirementsof
the load, which demands electricity and heat.

There are a number of examples of real facilities that can be
modeled as energy hubs, for example the supply of industrial
plants (steel works, paper mills), power plants (co- and trigen-
eration [9]), or the supply of big building complexes (shopping
malls, airports). The energy hub can be regarded as a general
modeling concept to describe the interactions between different
energy carriers in an energy system.

Combining and coupling different energy carriers in energy
hubs keeps a number of potential advantages over conventional
energy supply:

• Increased Reliability: Energy hubs generally increase the
availability of energy for the load, because it is no longer
fully dependent on a single infrastructure [10].

• Increased Load Flexibility: Redundant paths within the
hub offer a certain degree of freedom in supplying the
load. Hubs can thereby substitute for unattractive energy
carriers, for example at high-tariff times.

• Synergy Effects: Energy hubs process various energy car-
riers, each of which showing specific characteristics. Elec-
tricity, for example, can be transmitted over long distances
with comparably low losses. Chemical carriers can be
stored employing relatively simple and cheap technology.

So far, the energy hub concept has been used for greenfield
design studies [8], the characterization of trigenerationplants
[9], and the conception of fuel cell systems [11].

III. M ODELING

In this section, a steady-state model for describing energy
flows through energy hubs is presented. Models for energy
conversion and storage are integrated into a generic energyhub
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Fig. 3. Converter cluster with multiple in- and outputs.

model, which can be applied to any configuration of converter
and storage elements. The model is based on the following
assumptions and simplifications:

• The system is considered to be in steady-state.
• Within energy hubs, losses occur only in converter and

storage elements.
• If not mentioned explicitly, unidirectional power flow from

the input to the output of the converters is assumed.
• Power flow through the hub is characterized through en-

ergy, power, and efficiency only.

A. Converter Model

Consider a converter device as indicated in Fig. 2(a) that
converts an input energy carrierα into another carrierβ. Input
and output power flows can be considered to be coupled:

Lβ = cαβPα (1)

wherePα andLβ are the steady-state power in- and outputs,
respectively.cαβ is theconverter coupling factor which defines
the coupling between input and output power flow. In the
simplest case, this factor corresponds to the converter’s steady-
state energy efficiency, which can be assumed constant or as a
function of the converted power.

Converter elements or combinations of different energy con-
verters may have multiple in- and outputs. A general model
covering multiple inputs and outputs can be stated according
to Fig. 3. Summarizing all power inputs and outputs in vectors
P andL, respectively, enables the formulation of multi-input
multi-output conversion analogous to (1):
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Fig. 5. αβ-converter withα-storage at the input andβ-storage at the output.

Theconverter coupling matrix C describes the mapping of the
powers from the input to the output of the converter cluster.The
entries of the coupling matrix are converter coupling factors
as defined in (1). Each coupling factor relates one particular
input to a certain output. The coupling matrix can be assumed
constant or as a function of the powers.

In contrast to single-input single-output converters, thecon-
verter coupling factors are in general no longer equal to energy
efficiencies when considering multiple in- and outputs. Since
the total input of an energy carrier may split up to several
converters, so-calleddispatch factors are introduced that define
the dispatch of the total power input to the elements converting
this carrier. Fig. 4 outlines this concept. The total input flow
Pα splits up toN converter devices. The dispatch factorsναk

specify how much of the total input powerPα flows into
converterk:

Pαk
= ναk

Pα (3)

where k = 1, 2, . . . , N . Due to conservation of power, the
dispatch factors must fulfill the following requirements:

0 ≤ ναk
≤ 1 ∀α,∀k (4a)

∑

k

ναk
= 1 ∀α (4b)

B. Storage Model

Consider the storage model in Fig. 2(b) which comprises a
storage interface and an ideal storage. The relation between
power exchangeQα and internally stored energyEα is stated
as follows:

Q̃α = eαQα = dEα/dt ≈ ∆Eα/∆t , Ėα (5)

where

eα =

{
e+
α if Qα ≥ 0 (charging/standby)

1/e−α else (discharging)
(6)

eα can be considered the storage efficiency, including the
efficiency of the storage interface, which converts the energy
carrier exchanged with the system into the carrier stored inter-
nally.1

1We use the same subscriptα for power and energy, even if the storage may
convert one energy carrier into another one.



Energy hubs may contain storage elements at their input and
output sides, and between converters connecting in- and outputs
(see Fig. 5). The power flowing into the converter equals the
total hub inputPα minus the storage powerQα. At the output
of the converter, the sum of the loadLβ and storage flowMβ is
provided:

P̃α = Pα − Qα (7a)

L̃β = Lβ + Mβ (7b)

The power flow coupling between the input and the output of
the hub is then described by

[L + M] = C [P − Q] (8)

whereM keeps all output side storage powers, andQ con-
tains the input side storage flows. All storage influence can
be summarized in an equivalent storage flow vector related
to the output side. Assuming a constant coupling matrixC,
superposition can be applied and the equivalent storage flows
can be stated as

Meq = CQ + M (9)

Now (8) can be written as

L = CP − Meq (10)

This equation enables the transformation of storage flows be-
tween inputs and outputs of converters.

With (5) and (9) we can calculate the equivalent storage
power flowsMeq directly from the storage energy derivatives:
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The storage coupling matrix S describes how changes of the
storage energies affect the hub output flows. In other words,
it maps all storage energy derivatives into equivalent output-
side flows. The entries of the storage coupling matrix are called
storage coupling factors.

C. Complete Energy Hub Model

Based on the previous equations, the flows through an energy
hub are modeled by the following relation:

L = CP − S Ė (12)

This fundamental equation is the basis for operational and
structural hub optimization. The following example demon-
strates how this model is derived for a given combination of
converter and storage elements.

D. Example

Consider the hub shown in Fig. 1 which contains three
converters and two storage devices: transformer, gas turbine,
and heat exchanger; gas tank and hot water storage. The
transformer’s steady-state energy efficiency is denotedηT

ee. The
gas turbine is characterized by its gas-electric and gas-heat
efficienciesηGT

ge and ηGT
gh , respectively. The furnace operates

with an efficiencyηF
gh. Efficiencies of the storage devices are

eg andeh, for the gas tank and the heat storage, respectively.
The electrical connection between input and output is assumed
to be lossless.

The converters (transformer, gas turbine, furnace) are de-
scribed by the following matrix:

C =

[
ηT

ee νηGT
ge

0 νηGT
gh + (1 − ν)ηF

gh

]
(13)

where the dispatch factorν defines which part of the total
input Pg is converted by the gas turbine. The storage elements
exchange the powers

Qg =
Ėg

eg
; Mh =

Ėh

eh
(14)

Now (8) can be formulated:
[

Le

Lh + Ėh
eh

]
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
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Ėg
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]
(15)

Alternatively, the hub can be described according to (12).
Therefore all storage flows have to be transformed to equivalent
output-side flows:

Meq
e =

νηGT
ge

eg
Ėg (16a)

Meq
h =

νηGT
gh + (1 − ν)ηF

gh

eg
Ėg +

1

eh
Ėh (16b)

From these equations, the storage coupling matrix can be ex-
tracted:

S =
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νηGT
ge

eg
0

νηGT
gh +(1−ν)ηF

gh

eg

1
eh


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Finally, (12) can be stated:
[

Le Lh
]T

= C
[

Pe Pg
]T

− S
[

Ėg Ėh

]T
(18)

IV. OPTIMIZATION

Various optimization problems addressing the operation as
well as the structure of energy hubs are of interest. In the
following, we discuss two of these problems based on the
following assumptions and simplifications:

• The loads at the hub outputs are inelastic, i.e., they con-
sume constant power within the time period considered.

• Penalties related to the individual energy carriers and
system components are independent and separable from
each other.

A. Optimal Hub Operation

Considering a given hub structure, questions related to its
optimal utilization arise, for example how much of which
energy carrier should be consumed, and how should energy
be converted and stored internally? Consider for example the
energy hub in Fig. 1. The heat demand can either be met by
converting natural gas in the furnace or in the gas turbine. The
electricity load is supplied redundantly as well. An approach
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for optimally dispatching the converters within an energy hub
for a single snapshot of the load is presented in [6]. Including
also the storage elements requires the implementation of multi-
period optimization, because it is pointless to consider storage
utilization at a single time instant. The approach from [6] is
now extended by including storage and considering multiple
time periods. The optimization problem is stated as a nonlinear
constrained problem comprising an objective function, equality
and inequality constraints [12].

The storage elements are basically modeled as outlined in
Sec. III-B. When storage elements are present in the hub, the
objective function may also depend on the stored energiesEα,
besides the power consumptionPα and dispatch factorsναk

.
For the multi-period optimization, the total objective corre-
sponds to the sum of the objectives of each period:

F =

Nt∑

t=1

F (t)
(
P (t)

α , ν(t)
αk

, E(t)
α

)
(19)

whereNt is the number of time periods considered, andF is
the scalar-valued objective function.

An equality constraint is given by the hub power flow equa-
tion (12). This equation contains the storage energy derivatives
Ėα. As indicated in Fig. 6, the change of storage energy within
a periodt is

Ė(t)
α = E(t)

α − E(t−1)
α + Estb

α (20)

Here E
(t)
α denotes the storage energy at the end of periodt;

Estb
α represents the standby energy losses of theα-storage per

period (Estb
α ≥ 0). Merging (12) and (20) yields the hub flow

requirement for each period:

L(t) = C(t)P(t) − S(t)
[
E(t) − E(t−1) + Estb

]
∀t (21)

In order to obtain sustainable storage utilization, another equal-
ity constraint can be included in the problem formulation which
requires that the storage energies at the end of the last period of
the studied time interval are equal to the initial energies:2

E(0)
α = E(Nt)

α ∀α (22)

Inequality constraints are given by power and energy limitsof

2This is an intuitive assumption which could be reconsidered against the
background of a liberalized market environment. Under certain circumstances,
it could be reasonable to exploit the storage more or less, ending up with lower
or higher storage energy at the end of the last period.

the converter and storage elements:

Pαk
≤ ναk

P (t)
α ≤ Pαk

∀t,∀α (23a)

Q
α
≤ Q(t)

α ≤ Qα ∀t,∀α (23b)

Mβ ≤ M
(t)
β ≤ Mβ ∀t,∀β (23c)

Eα ≤ E(t)
α ≤ Eα ∀t,∀α (23d)

The characteristics of the dispatch factors (4) represent addi-
tional inequalities.

Optimal operation of the hub can now be formulated in the
following way:3

Minimize the objective function (19)
subject to the

• hub equation (21);
• storage energy constraints (22);
• power and energy limits (23);
• dispatch factor properties (4).

In general, this formulation represents a nonlinear con-
strained optimization problem. The solvability of the problem
depends on the actual equations used. When the objective
function is convex and all constraints are expressed as linear
equations, then the solution space is convex and the global op-
timum can be determined using numerical methods. Otherwise
numerical methods can be used to search for a solution within
the feasible region, but global optimality cannot be guaranteed.

B. Optimal Hub Layout

When designing energy hubs, a limited number of converter
and storage elements is available. Different combinationsof
elements will result in different hub characteristics. In order to
obtain the desired hub performance, optimization can be em-
ployed. The problem is to find the optimal selection of elements
to be placed in an energy hub from a given set of converter
and storage elements. Available elements can be characterized
by technical, environmental, and economic parameters. The
performance of the hub may depend not only on its elements
but also on the situation outside of the hub, i.e., the supplying
infrastructures and the loads. For example, certain elements
will perform well in low load situations, while others may be
advantageous when loads are high. The supply infrastructures
may be characterized by time-dependent energy prices, which is
another aspect to consider. Utilization of a certain element may
be profitable as long as electricity is cheaper than natural gas.
Also the combination of elements is important. Certain devices
may perform well only when they are used together with
others. These considerations yield the conclusion that thewhole
system (supply infrastructures, energy hub, and loads) hasto be
considered when determining the optimal hub layout. A multi-
period optimization is performed for given loads and energy
prices. The optimization model comprises on/off-type variables
assigned to each available element; this integer variableIk

3A multi-period approach could also include constraints related to the
change of a quantity between two periods, such as ramping, minimum up- and
downtimes, etc. [13]. For the sake of simplicity, such limits are not considered,
but can be included in the approach.
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represents the decision whether elementk is used in the hub
layout or not:

Ik =

{
1 if elementk is used
0 else

(24)

For economic optimization, the objective function should
penalize the cost for energy, operation, maintenance, and in-
stallation. Installation cost are fixed cost which occur if the
element is used for the hub. Maintenance and operation cost
are normally dependent on the operation of the device. The cost
for energy depend on the operation of the hub as well, which is
determined by the loads. It can be concluded that the objective
function generally depends on the decision variables as well as
on the energy and power quantities related to the hub and its
elements:

F =

Nt∑

t=1

F (t)
(
P (t)

α , ν(t)
αk

, E(t)
α , Ik

)
(25)

Equality constraints are given by the hub model (21) and
the storage requirement (22). Converter and storage coupling
matrices contain the decision variablesIk, where every entry
dedicated to an elementk is multiplied by Ik. Also restric-
tions related to the individual elements include these integer
variables.

The optimal hub layout problem is then basically defined as
the operational problem in Sec. IV-A, but the model equations
include the decision variablesIk. If Ik = 1, then elementk
is considered in the model equations; ifIk = 0, the related
quantities, equations, and constraints vanish.

The problem of optimal hub layout represents a mixed-
integer nonlinear constrained problem [12]. Both the objective
function as well as the constraints may include nonlinearities
and discontinuities, which results in a nonconvex solution
space. Numerical solvers can be used to find a solution, but it
cannot be ensured that the global optimum has been achieved.

V. EXAMPLE

Fig. 7 shows an empty hub and a set of available elements.
The hub is connected to electricity and natural gas networks
at the input side, and it has to deliver electricity and heat to a
commercial load at the output. All elements are characterized
by different ratings, efficiencies, and installation cost,see Tab. I
and II. The loads to be supplied at the output side and the energy
prices at the input side of the hub are shown in Fig. 8.

The first three potential hub elements A, B, and C are
different combined heat and power technologies. Compared

TABLE I

DATA OF CONVERTERELEMENTS.
Converter Max. input Efficiencies in % Installation cost
elementk power in pu el. th.

∑
bk in 1000 mu

A 10 43 43 86 100
B 20 25 55 80 250
C 15 32 53 85 300
D 7 97 – 97 30
E 10 98 – 98 40
G 7 – 75 75 40
H 10 – 80 80 40

TABLE II

DATA OF STORAGE ELEMENT F.
Charge efficiency in % 90
Discharge efficiency in % 90
Min./max. power in pu −3/3
Min./max. energy in pu 0.5/10
Standby losses in pu 0.2
Installation costbF in 1000 mu 15

with B and C, option A shows the highest efficiencies and
lowest installation cost, but also the lowest rating. Option B has
the highest rating, but most of the gas is converted into heat
instead of more expensive electricity. Option C has the highest
investment cost, but both rating and efficiencies are high as
well. Elements D and E are electrical transformers. D is smaller
than E, less efficient, but also cheaper. The converters G and
H represent gas furnaces with different properties. DeviceG is
smaller than H but more efficient, whereas installation costs are
equal. Also a thermal storage element could be used for the hub.

The investment cost for the hub should be depreciated within
10 years. During this time, the hub is intended to meet the given
12-hour load requirement 365 days a year (beyond these 12
hours, the load can be neglected). Incorporating the installation
cost of the devices into a 12-hour optimization requires to relate
the installation cost to one 12-hour load cycle. This can be done
by transforming the total installation cost:

b′k =
bk

Td · Nc
(26)

where Td is the depreciation time (in years) andNc is the
number of load cycles the hub has to perform within one year
(in cycles per year). In this example we haveTd = 10 a and
Nc = 365 a−1. The total cost for one 12-hour load cycle are
modeled as the cost for energy plus the transformed installation
cost of the devices used for the hub:

TC =

12∑

t=1

(
at

eP
t
e + at

gP
t
g

)
+

∑

k

b′k · Ik (27)

The questions to be answered are (a) which elements should
be used in the hub, and (b) how should these elements be op-
erated in order to obtain minimum total costTC? The problem
is stated as outlined in Sec. IV-B, with the additional constraint
that only one element of each category can be used (max. one
CHP, one transformer, one furnace). Implementation is donein
Matlab [14] using the solver “minlpBB” from Tomlab [15].

The answer to the above question (a) is shown in Fig. 9. Ele-
ments A, E, and F should be used. The CHP unit A is selected
due to its high power-to-heat ratio and low installation cost.
Transformer E is used instead of D due to higher efficiency and
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rating, although the installation cost are significantly higher.
The storage F is needed in order to enable CHP operation; it
compensates the heat generated by the CHP when there is no
heat required by the load. However, a detailed explanation of
the results is difficult due to the complexity of the problem.

The result of the operational optimization problem (b) is
shown in Fig. 10. The hub consumes and converts high amounts
of natural gas whenever loads and prices are high. The upper
plot in Fig. 10 shows that the hub consumes no electricity from
the grids in theses periods. The storage is mainly discharged
during the first heat load peak and recharged afterwards during
the electricity price peak.

VI. SUMMARY AND OUTLOOK

The energy hub concept provides a flexible and comprehen-
sive framework for modeling and optimization of multi-carrier
energy systems. Various analysis tools have been developed
based on this approach. This paper introduces multi-period
optimal dispatch of energy hubs with converter and storage
elements, as well as the determination of optimal hub struc-
tures. The approaches can be used in the system planning phase
as well as for operation scheduling. Interactions and synergies
among the different energy carriers and technologies can be
identified and analyzed.

Current and future work is dedicated to dynamic modeling
and analysis of multi-carrier energy systems, as well as the
integration of transportation systems into the hub model.
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